Spreading of nano-droplets is an interesting and technologically relevant phenomenon where thermal fluctuations lead to unexpected deviations from well-known deterministic laws. Here, we apply the newly developed fluctuating non-ideal lattice Boltzmann method [Gross et al., J Stat Mech, P03030 (2011)] for the study of this issue. Confirming the predictions of Davidovich and coworkers [PRL 95, 244905 (2005)], we provide the first independent evidence for the existence of an asymptotic, self-similar noise-driven spreading regime in both two-and three-dimensional geometry. The cross over from the deterministic Tanner's law, where the drop's base radius b grows (in 3D) with time as b ∼ t 1/10 and the noise dominated regime where b ∼ t 1/6 is also observed by tuning the strength of thermal noise. 
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I. SPREADING OF NANO-DROPLETS
The spreading of a viscous liquid droplet on a solid substrate is a fundamental and long-studied phenomenon [1] [2] [3] of relevance to many applications, such as, for example, painting or coating techniques. If a small macroscopic droplet is placed on a perfectly wetting substrate, one expects that, after an initial transition period, the base radius (see Fig. 1 ) increases according to a power-law, b(t) ∝ t n , with an exponent n = 1/10 in 3D and n = 1/7 in 2D. This relation can be derived from lubrication theory [1, 4] and is known as Tanner's law [5] .
The experimentally observed value of the exponent n often deviates from the theoretical predictions and is found to depend on several physical parameters, such as substrate roughness, liquid viscosity or vapor density. This is reflected in the range of values that have been reported by experiments [6] and simulations [7] [8] [9] .
Most experiments deal with the spreading of droplets that are at least of micrometer size and thus are unaffected by thermal fluctuations. It is, however, interesting to ask what happens to droplets at the nanoscale, where thermal fluctuations become important. Recently, the spreading of droplets under the influence of thermal fluctuations has been investigated numerically and theoretically [10] . There, a stochastic lubrication equation of the form
has been proposed for the evolution of the film height h of the spreading droplet (see also [12] ). Here, σ is the surface tension, η the dynamic viscosity, and ξ is a Gaussian white noise with unit variance,
Since the total volume V of the droplet is conserved, one additionally requires
The lubrication equation (1), which is a fully nonlinear stochastic differential equation with multiplicative noise, can be derived from the Navier-Stokes equations for a liquid film amended with the usual Landau-Lifshitz random stress
Geometry of a spreading droplet on a solid substrate. h(r, t) is the local height, b(t) the base diameter and r is the coordinate in the plane of the substrate.
tensor [12] . The prefactor of the noise in eq. (1) ensures that, for a flat film in equilibrium, h obeys the standard capillary wave fluctuation spectrum [ |h(k)| 2 = k B T /σk 2 , with k being the surface wavevector]. The first term on the r.h.s. of eq. (1) arises from the driving force due to Laplace pressure, σ∇ 2 h, and is the only term governing the deterministic evolution of a macroscopic droplet in the lubrication approach.
Comparing the factor h 3 in front of the surface tension term with h 3/2 in front of the noise shows that the relative importance of thermal noise increases with decreasing film height (cf. [12] [13] [14] ). Thus, one expects that, at late times, where the droplet is sufficiently flat, the evolution will always be dominated by thermal noise. Remarkably, in this case, a significant increase in the long-time spreading rate, associated with a change of the exponent in Tanner's law has been derived analytically and by direct numerical solution of eq. (1) [10] .
However, these predictions have so far not been confirmed experimentally or by simulation of the full fluid dynamical equations. Presently available Molecular Dynamics simulations of spreading nano-droplets could not reach far enough into the asymptotic regime to arrive at definite conclusions, although some agreements with the predictions of the stochastic lubrication equation were observed [15] . Interestingly, an earlier Monte-Carlo study on polymer droplets found Tanner's classic law to hold [16] . Here, results of Lattice Boltzmann (LB) simulations will be presented confirming the existence of a noise-enhanced spreading regime as predicted by the stochastic lubrication equation (1) .
Regarding the origin of deviations from Tanner's law, we note that in the limit where either the surface tension or the stochastic driving force dominates, eq. (1) admits for a non-trivial scaling solution of the form [10] h(r, t) = |r|
In conjunction with volume conservation, the scaling ansatz implies that β = d to ensure time-independence of the volume. Since h is a random variable, a suitable measure of the lateral droplet size can be defined as the variance of the height profile,
where x 0 = dr rh(r, t)/V is the instantaneous position of the center of the droplet and the proportionalities follow by using the scaling ansatz, eq. (4). Inserting the scaling ansatz into eq. (1) and requiring form-invariance of the resulting equation shows that, in case where the surface tension term dominates, the droplet size s follows Tanner's classical law, s = t n with n = 1/7 (2D) and n = 1/10 (3D), whereas, for the noise-dominated regime one obtains n = 1/4 (2D) and n = 1/6 (3D), thus, enhanced spreading. The conditions for the dominance of the noise in the spreading dynamics are estimated in [10] as
where h 0 is the initial droplet height, W is the width of the drop in the 2D case (W = 1 lattice units in the present setup) and l T = k B T /σ is the thermal length.
II. SIMULATION METHOD AND RESULTS
In order to study nanofluidic phenomena, we have recently introduced thermal fluctuations into a number of existing non-ideal fluid models auch as the Lee-Fischer model [17] , the Shan-Chen model [18] and the modified-equilibrium model [19] . For the details on the deterministic versions of the above mentioned models, we refer to [20] [21] [22] [23] [24] .
Using the Lee-Fisher version of our implementation, we study the spreading dynamics of nanodrops both in two and three dimension. Similar results have also been obtained with the fluctuating modified equilibrium method. For each simulation, the initial configuration is a half-spherical droplet of radius R 0 = 90 (all quantities are given in lattice units [l.u.]). The size of the simulation domain is L X × L Y = 1200 × 110, with periodic boundary conditions along the x-and solid wall boundary conditions along the y-axis. The interface width is approximately 5, the surface tension is 0.0027, the liquid and vapor densities are ρ L = 1.0, ρ V = 0.1 and the relaxation times are set to τ = 1.0. It is found that, in the present case, both the base radius b(t) and the variance of the height profile, s(t) [eq. (5)], give a completely equivalent measure of the droplet size. Furthermore, since the noise intensities are weak compared to the surface energy, no averaging is necessary to improve the statical accuracy and the plots are thus each obtained from a single simulation. Owing to the slowness of the spreading process, the data had to be acquired over more than 10 7 timesteps. For the present setup, the conditions of eq. (6) predict that noise dominates when h/h 0 0.1, in good agreement with our simulations. In Fig. 2 , the time evolution of the base radius b is shown in two (a) and three (b,c) dimensions, both with and without thermal noise. It is observed that for the noiseless spreading (open symbols), the base radius asymptotically follows the classical Tanner law. Similar to the experimental case, the exponent in the deterministic case is found to be quite sensitive to the choice of simulation parameters, as can be seen in Fig. 2c , where a viscosity by a factor of 2.5 larger (both for liquid and vapor) than in case (b) is used. On the other hand, if thermal noise is present, the base radius asymptotically follows the spreading law expected from the stochastic lubrication equation (1) . Interestingly, as Fig. 2c shows, this behavior is quite robust and much less dependent on the simulation parameters than in the deterministic case (e.g., in Fig. 2a , only a slight deviation between the curves for different values of k B T is visible). Fig. 3 shows the interface profile of a spreading droplet in the late-time regime in 2D. The self-similar character of the droplet evolution can be explicitly seen by rescaling the profile according to the ansatz of eq. (4) (in the original work [10] , h was multiplied by b(t) instead of |r|, which is equally well suited). As shown in the insets of Fig. 3 , the rescaled profiles collapse onto a master curve, which essentially represents the scaling function f of eq. (4).
It is noteworthy that, generally, we find 3D simulations to agree less well with Tanners law if the dynamic viscosity of the vapor phase is enhanced. This is largely independent of the viscosity ratio between liquid and vapor. In the literature, it seems to be not completely clear what precisely the effect of the vapor viscosity is on spreading. Additional studies and extensive simulations are necessary in order to arrive at definite conclusions on this issue.
III. SUMMARY
In this work the newly developed fluctuating non-ideal fluid LB model has been applied to the study of the spreading dynamics of nanodrops on perfectly flat solid surfaces. So far, Molecular Dynamics studies could not reach the asymptotic, self-similar spreading regime. Our simulations provide the first independent evidence for the existence of an asymptotic self-similar spreading regime dominated by thermal noise [10] . By tuning the magnitude of the noise term, we could observe the cross over from the classical Tanner's law, where the drop's base radius b grows with time as b ∼ t 1/10 and the noise dominated regime where b ∼ t 1/6 . The observed scaling exponent is found to be more robust (regarding parameter selection) in the noise dominated case than for purely deterministic dynamics.
Presently, only the effect of thermal fluctuations on spreading has been studied. However, it is well known that fluids at the nanoscale are also strongly influenced by van der Waals interactions (disjoining pressure). It was argued in [10] that, for complex fluids, these effects are negligible at least in a certain parameter region due to their weaker van der Waals interactions. Furthermore, complex fluids are usually governed by non-Newtonian constitutive relations and it is not clear how these effects will influence spreading. This will be an interesting aspect to study in the future.
